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In the present article, a theoretical investigation of the magnetic susceptibilities of
liquid non-transition and transition metals of the different groups of the
periodic table at their melting point is reported using model potential formalism.
Ashcroft’s well-known empty core model (EMC) potential is used for the
first time with seven local field correction functions proposed by Hartree,
Hubbard–Sham, Vashishta–Singwi, Taylor, Ichimaru–Utsumi, Farid et al. and
Sarkar et al. in the present computation and found suitable for such study. In the
calculation of these properties the values of the theoretical structure factors have
been used due to hard core fluid theory. It is concluded that comparisons of the
present results with theoretical or experimental findings, wherever they exist, are
highly encouraging. Also, the successful application of the EMC potential to 51
liquid metals is predicted.

Keywords: pseudopotential; magnetic susceptibilities; liquid non-transition
metals; liquid transition metals; local field correction functions

1. Introduction

During the last several years, there has been an increasing interest in the properties of
non-crystalline conductors such as liquid metals and liquid metallic alloys. Such a liquid
exhibits metallic as well as fluid-like behaviour, and hence can help to make a link between
the theory of the liquid states and the theory of the electronic states in metals. And hence
the study of transport properties such as magnetic susceptibilities of liquid metals and their
alloys remain one of the favourite quantities either experimentally or theoretically [1–13].

During the last several decades the concepts of pseudopotential have played an
important role in the theory of liquid metals and their alloys [1–13]. Also, to the best of our
knowledge, after 1993 the magnetic susceptibilities of large numbers of the liquid metals
of the different groups of the periodic table have been reported by researchers very rarely
[1–13]. Baltensperger [3] has calculated the correction due to the electron–ion potential to
the Landau diamagnetism in liquid metals, using the theory of the free-electron
susceptibility from the solid phase to the liquid phase, by employing the pseudopotential
perturbation technique. Takahashi and Shimizu [4] have investigated the magnetic
susceptibility of liquid metals by taking into account the higher order terms due to the
electron–ion potential in the Green’s function method. Srivastava [5] has also reported on
the electronic susceptibility of some simple liquid metals using an approach followed by
Timbie and White [6]. Also, March [11] and Khajil [12] have reported magnetic
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susceptibility of some liquid metals. March [11] has studied magnetic properties of some

liquid metals using free-electron theory. Khajil [12] has reported magnetic properties using

first principle Bachelet–Hamann–Schlüter (BHS) model potential [12] and Timbie–White

approach [6]. He has noted that the results obtained by using the (BHS) potential are in

good agreement with the experiment. Very recently, magnetic susceptibilities of some

liquid non-transition and transition metals using a newly proposed model potential was

reported by Baria [13] and found suitable for his study. In most of the above studies,

various methods are used with some old fascinating local field correction functions. Also,

these studies are restricted to some liquid metals only. But, in contrast with the earlier

reported studies, the present study spans the large number of liquid metals of periodic

table on a common platform of model potential and a common criterion for evaluating the

parameters of the model potential.
Keeping all in the mind the cardinal features of these developments, the present

article intends to report the magnetic susceptibilities of several monovalent, divalent and

polyvalent liquid metals of the different groups of the periodic table based on the well-

known empty core model (EMC) potential of Ashcroft [14].
In the present work, the theoretical structure factors are computed from the

well-known Percus–Yevic (PY) hard sphere model with proper packing density � [15].

Seven different types of the local field correction functions proposed by Hubbard and

Sham (HS) [16,17], Vashishta and Singwi (VS) [18], Taylor (T) [19], Ichimaru and Utsumi

(IU) [20], Farid et al. (F) [21] and Sarkar et al. (S) [22] are employed for the first time to

investigate the influence of exchange and correlation effects with reference to the static

Hartree (H) [23] screening function in the present computations.

2. Computational methodology

The formulation of the electronic susceptibility is derived by employing the pseudopo-

tential perturbation theory, and by making use of the lattice periodicity and the inverse

Laplace transform relationship between the partition function Z �ð Þ and the thermo-

dynamic potential � per unit volume [6, 7]

� ¼

Z 1
0

ds Z sð Þ
@f0
@s

, ð1Þ

where,

Z sð Þ ¼
1

2�i

Z cþi1

c�i1

dt est
Z tð Þ

t2
; C4 0, ð2Þ

and f0 is the Fermi function given by

f0 ¼
1

e� s��ð Þ þ 1
: ð3Þ

Here � is the chemical potential and � ¼ kBT. Using the standard techniques we

write [6,7]

� ¼
1

2�i

Z cþi1

c�i1

dt ext
Z tð Þ

tr
¼

xr�1

� rð Þ
� xð Þ ; � > 0: ð4Þ
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Here � rð Þ is the gamma function and

� xð Þ ¼ 0; x40

¼ 1; x50: ð5Þ

The introduction of the potential W shifts the chemical potential � away from the

Fermi energy. This shift may be calculated to the second order in W using the relation
@�=@�

��
T,�
¼ n where n is the number density of the electrons.

Ignoring the field dependence of �, the expression for � is given by [6,7]

� ¼ �0 1þ
W 0ð Þ

�0
�

1

4�2=30

�

2�ð Þ3

Z
d3q

S qð ÞW qð Þ
�� ��2ffiffiffiffiffiffiffiffiffi

E qð Þ
p ln

1þ
ffiffiffiffiffi
a0
p

1�
ffiffiffiffiffi
a0
p

����
����

" #
, ð6Þ

where, a0 ¼ 4�2=30 =E qð Þ with E qð Þ ¼ �h2q2=2m.
By knowing the chemical potential �, the first derivative of the thermodynamic

potential � gives the relation for the electronic susceptibility � as [6,7]

� ¼
�2
n

�0
1�

1

8�20

�

2�ð Þ3

Z
d3q S qð ÞW qð Þ

�� ��2F qð Þ

� �
, ð7Þ

where

F qð Þ ¼
a1=20

2
ln

1þ
ffiffiffiffiffi
a0
p

1�
ffiffiffiffiffi
a0
p

����
����þ a0

a0 � 1
�
q2x þ q2y

q2
a20 5� 3a0ð Þ

8 a0 � 1ð Þ
2
þ

3

16
a3=20 ln

1þ
ffiffiffiffiffi
a0
p

1�
ffiffiffiffiffi
a0
p

����
����

� �
: ð8Þ

Here �0 ¼ �
2
n=�0 is the Landau–Pauli free-electron susceptibility.

Assuming that W qð Þ depends only on the magnitude of q, the above volume integral

can be solved using a qð Þ ¼ N S qð Þ
�� ��2, and the integration variable is then changed to the

dimensionless parameter k ¼ q=2kF. The liquid metal analogue of Glasser’s [7] result for

the total electronic susceptibility is thus obtained as

� ¼ �0 1þ�ð Þ, ð9Þ

here

� ¼
�3Z

32�20

Z 1
0

dk a kð ÞW kð Þ2G kð Þ, ð10Þ

and

G kð Þ ¼
2

k
k2 � 1
� �

ln
kþ 2

k� 2

����
����þ 8

3

12þ 7k2 � 3k4

k2 � 4ð Þ
2

 !
: ð11Þ

The orbital susceptibility in the liquid phase may be calculated separately in much the

same way by omitting the spin term from the Hamiltonian. The relation is given by

�L ¼ �
1

2
�0 1þ�Lð Þ, ð12Þ

with

�L ¼
�3Z

32�20

Z 1
0

dk a kð ÞW kð Þ2GL kð Þ, ð13Þ
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and

GL kð Þ ¼
2

k
k2 � 1
� �

ln
kþ 2

k� 2

����
����þ 8

3

24� 22k2 þ 3k4

k2 � 4ð Þ
2

 !
ð14Þ

�P ¼ �
3

2
�0 1þ�Pð Þ, ð15Þ

with

�P ¼
�3Z

32�20

Z 1
0

dk a kð ÞW kð Þ2GP kð Þ, ð16Þ

and

GP kð Þ ¼ 2 k2 � 1
� �

ln
kþ 2

k� 2

����
����þ 8k2

k2 � 4ð Þ
: ð17Þ

Now, by including the exchange and the correlation due to Brueckner and Sawada [8],

we get the relation for the total electronic susceptibility of liquid metals [9]

�ele ¼ �
�0

1��P þ 	ex:þcorr:
� �0 1��Lð Þ, ð18Þ

with

	ex:þcorr: ¼ �0:166rS þ 0:204r2S 0:225� 0:0676 ln rSð Þ
� 	

, ð19Þ

where the value of rS can be determined from the relation rS ¼ ð3�0=4�ZÞ
1=3.

In the present work, we have used Ashcroft’s well-known EMC potential [14] including

five different types of the local field correlation functions [16–23]. The form factor

explored in the present investigation is of the form [14],

WðqÞ ¼
�4�Ze2

�0q2"ðqÞ
cos qrCð Þ, ð20Þ

where, Z is the valence, �0 the atomic volume, rC the parameter of the potential and " qð Þ
the modified Hartree dielectric function [23] is given by

" qð Þ ¼ 1þ "H Xð Þ � 1ð Þ 1� f Xð Þð Þ;X ¼
q

2kF
: ð21Þ

Here, "HðXÞ is the static Hartree dielectric function and the expression of "HðXÞ is given
by [23]

"H Xð Þ ¼ 1þ
me2

2�kF �h2�2
1� �2

2�
ln

1þ �

1� �

����
����þ 1


 �
; � ¼

q

2kF
, ð22Þ

while fðXÞ is the local field correction function. In the present investigation, the local field

correction functions due to H [23], HS [16,17], VS [18], T [19], IU [20], F [21] and S [22] are

incorporated to see the impact of exchange and correlation effects. The details of all the

local field corrections are below.
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The Hartree screening function [23] is purely static, and it does not include the

exchange and correlation effects. The expression of it is

f Xð Þ ¼ 0: ð23Þ

Hubbard and Sham [16,17] have introduced an analytical expression for the local field

correction function, which satisfies the compressibility sum rule exactly. The mathematical

expression of the HS local field correction functions is given by

f Xð Þ ¼
q2

2 q2 þ �k2F
� � , ð24Þ

with

� ¼
0:916

0:458þ 0:012rSð Þ
: ð25Þ

Vashishta and Singwi [18] have introduced an analytical expression for the local field

correction function, which is written as

f Xð Þ ¼ AVS 1� exp
�BVSq

2

k2F


 �� 

: ð26Þ

Taylor [19] has introduced an analytical expression for the local field correction

function which satisfies the compressibility sum rule exactly. This is the most commonly

used local field correction function and covers the overall features of the various local field

correction functions proposed before 1972. According to T [19],

f Xð Þ ¼
q2

4k2F
1þ

0:1534

�k2F

� �
: ð27Þ

The IU local field correction function [20] is a fitting formula for the dielectric

screening function of the degenerate electron liquids at metallic and lower densities, which

accurately reproduces the Monte-Carlo results as well, as it also satisfies the self-

consistency condition in the compressibility sum-rule and short range correlations. The

fitting formula is

f Xð Þ ¼ AIUQ
4 þ BIUQ

2 þ CIU þ AIUQ
4 þ BIU þ

8AIU

3


 �
Q2 � CIU

� �
4�Q2

4Q
ln

2þQ

2�Q

����
����

� 

:

ð28Þ

On the basis of the IU [20] local field correction function, F [21] have given a local field

correction function of the form

f Xð Þ ¼ AFQ
4 þ BFQ

2 þ CF þ AFQ
4 þDFQ

2 � CF

� 	 4�Q2

4Q
ln

2þQ

2�Q

����
����

� 

: ð29Þ

Based on Equations (28)–(29), S [22] have proposed a simple form of local field

correction function, which is of the form

f Xð Þ ¼ AS 1� 1þ BSQ
4

� �
exp �CSQ

2
� �� �

, ð30Þ
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where Q ¼ 2X with X ¼ q=2kF. The parameters AVS, BVS, AIU, BIU, CIU, AF, BF, CF, DF,

AS, BS and CS are the atomic volume-dependent parameters of VS, IU, F and S local field

correction functions. The mathematical expressions of these parameters are narrated in the

respective papers of the local field correction functions [18, 20–22].

3. Results and discussion

The input parameters and constants used in the present calculations are given in Table 1.

The parameter of the model potential rC is determined using the first zero of the

form factor. We have performed the integrations from 0 to 2kF at the melting points of the

liquid metals. Very few experimental [1,6] and theoretical [6,10,13] data of the electronic

susceptibility ð�ele=�OÞ and total electronic susceptibility ð�Þ are available in the literature.
Our present investigation of the electronic susceptibility ð�ele=�OÞ and total

electronic susceptibility ð�Þ of 51 metallic elements of the different groups of the

periodic table computed from Equations (1) to (30) are narrated in Tables 2 and 3 with

experimental [1,6] and theoretical [6,10,13] yielding wherever it exists in the literature.
From the study of Table 2, it can be noted that among the seven employed local field

correction functions, the local field correction function due to H (without exchange and

correlation) gives the minimum value of electronic susceptibility ð�ele=�OÞ of liquid metals

at melting point, while the local field correction function due to T gives the maximum

value. The presently computed results of electronic susceptibility ð�ele=�OÞ are found in

qualitative agreement with the available experimental [6] and theoretical [6,10,13] data.
The computed results of the electronic susceptibility ð�ele=�OÞ for Li, Na, K, Rb and Cs

metallic elements are found to be in qualitative agreement with the other available

experimental [6] and theoretical [6,10,13] data. Also, the present data of the electronic

susceptibility ð�ele=�OÞ for Li and Cs metals are found to be lower while those for Rh, Ir,

Cu, Ag, Ni, Pd, Pt, Au, La, Yb, Ce, Th, Al and Pb metals are found to be higher than the

other experimental [6] and theoretical [6,10,13] yielding.
The calculated results of the electronic susceptibility ð�ele=�OÞ for Li, Na, K, Rb, Cs, Al

and Pb liquid metals deviate in the range of 36.59–36.79%, 23.18–23.37%, 14.24–14.43%,

14.33–14.70%, 14.62–15.02%, 50.94–51.67% and 254.81–291.01% from the experimental

data [6], respectively.
From the study of Table 3, it is noticed that among all the local field correction

functions employed, the local field correction function due to T gives the minimum value

of the total electronic susceptibility �ð Þ of liquid metals at melting point while the local

field correction function due to H (without exchange and correlation) gives the maximum

value. The presently computed results of the total electronic susceptibility �ð Þ are found to

be in qualitative agreement with the available experimental [1] findings wherever they exist

in the literature.
The calculated results of the total electronic susceptibility �ð Þ for Li, Na, K, Rb, Cs,

Cu, Ag, Ni, Cr, Mn, Fe, Co, Zn, Cd, Hg, Al, Ga, In, Tl, Sn, Pb, Sb and Bi liquid

metals deviate in the range of 56.31–56.52%, 2.70–2.83%, 36.31–36.44%, 61.97–62.27%,

22.19–22.51%, 170.45–174.43%, 131.89–132.88%, 84.52–85.49%, 83.52–84.14%,

92.28–92.66%, 96.13–96.33%, 98.12–98.22%, 255.08–263.85%, 170.31–172.75%,

133.31–136.42%, 1.37–8.50%, 533.93–582.33%, 297.00–309.30%, 144.75–152.30%,

362.30–440.52%, 145.97–180.03%, 38.38–489.38% and 17.24–128.17% from the experi-

mental data [1], respectively.
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Table 1. The input parameters and constants.

Metals Z �O (au) � rC (au)

Li 1.0 146.46 0.46 0.9700
Na 1.0 266.08 0.46 1.6000
K 1.0 480.84 0.46 2.0000
Rb 1.0 627.15 0.43 2.0500
Cs 1.0 775.73 0.43 2.0700
Rh 1.5 95.60 0.45 0.7100
Ir 1.5 99.80 0.45 0.7200
Cu 1.5 119.60 0.46 0.6900
Ag 1.5 173.06 0.45 0.9400
Ni 1.5 85.21 0.45 0.5900
Pd 1.5 113.87 0.47 0.6800
Pt 1.5 120.31 0.47 0.6800
Ti 1.5 129.30 0.44 0.8400
V 1.5 106.47 0.44 0.7800
Cr 1.5 92.90 0.45 0.7300
Mn 1.5 103.09 0.45 0.6900
Fe 1.5 89.25 0.44 0.6500
Co 1.5 85.74 0.45 0.6200
Zr 1.5 172.32 0.44 0.9200
Sc 1.5 172.48 0.43 0.9100
Nb 1.5 121.31 0.45 0.8700
Mo 1.5 105.16 0.45 0.8300
Ta 1.5 121.67 0.45 0.9000
W 1.5 107.05 0.45 0.8500
Os 1.5 94.36 0.45 0.7600
Be 2.0 54.78 0.45 0.7500
Mg 2.0 157.68 0.46 1.3600
Ca 2.0 292.93 0.46 1.6100
Sr 2.0 381.17 0.46 1.8700
Ba 2.0 427.80 0.46 2.3800
Zn 2.0 103.27 0.46 1.2800
Cd 2.0 145.55 0.45 1.0100
Hg 2.0 157.68 0.45 1.5700
Au 2.0 228.46 0.46 0.7400
La 2.0 216.63 0.43 0.8400
Yb 2.0 312.75 0.43 0.8000
Ce 2.0 265.24 0.42 0.8100
Th 2.0 222.98 0.42 0.8800
Eu 2.0 369.26 0.42 0.9500
Al 3.0 111.46 0.45 1.1200
Ga 3.0 131.99 0.43 1.1700
In 3.0 175.90 0.45 1.2800
Tl 3.0 194.00 0.45 1.4500
Gd 3.0 254.93 0.43 0.7900
Tb 3.0 245.91 0.43 1.4551
Si 4.0 121.48 0.38 0.9700
Ge 4.0 146.25 0.38 1.0070
Sn 4.0 180.85 0.43 1.0400
Pb 4.0 203.86 0.46 1.4100
Sb 5.0 205.26 0.4 1.3300
Bi 5.0 238.56 0.4 1.4000
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The computed results of the total electronic susceptibility ð�Þ for Na, Al, Sb and Bi

metallic elements are found in qualitative agreement with the available experimental

data [1]. Also, The present data of the total electronic susceptibility ð�Þ for Li, Ni, Cr,

Mn, Fe and Co metals are found lower while those for Na, K, Rb, Cs, Cu, Ag, Zn,

Cd, Hg, Ga, In, Tl, Sn and Pb metals are found higher than the other experimental

yielding [1]. The presently reported magnetic susceptibility of Cu, Ag, Cr, Zn, Cd, Hg,

In, Tl, Sn and Pb liquid metals have predicted positive values of susceptibility in

comparison with negative experimental susceptibilities. These materials are diamagnetic

materials. But, in the present case these materials follow reverse trends in the present
study. Also, Fe and Co liquid metals have very large experimental values of susceptibilities

in comparison with calculated ones. These types of materials are ferromagnetic materials.

But, in the present case both materials are found to have higher values, and this may be

due to the free-electronic behaviour. These types of differences between experimental and

theoretical values are attributed to the exchange enhancement of the conduction-electron

spin life time. Also, the ionic potential factors �L and �P are much less important than

the electron–electron enhancement factor 	ex:þcorr: used in the present computation [1].

The results may be summarised by saying that electron–ion corrections cause only

considerable deviations from electron gas values when calculated by such a nearly free-

electron approach.
The magnetic susceptibility calculations are not particularly sensitive to the exact

values of the structure factor of the metallic elements and uncertainties in the results

cannot account for the differences between theory and experiment. Also, the values of the

conduction electron spin susceptibility used in the present computation of the magnetic
susceptibilities are responsible for significant variations.

The numerical values of the magnetic susceptibilities are found to be quite sensitive to

the selection of the local field correction functions and show a minor variation with

the change in the functions. Out of 51 metallic elements, we do not have either theoretical

or experimental comparisons of the electronic susceptibility ð�ele=�OÞ for 33 elements

or of the total electronic susceptibility ð�Þ for 28 elements. Neither the experimental

nor theoretical results of the magnetic susceptibilities for most of the metallic elements

at a constant volume are available in the literature, so the present investigations are

predictive.
In contrast with the reported studies, the present study spans the metallic elements of

the different groups of the periodic table on a common platform of model potential and

common criteria for evaluating the parameters of the model potential. This is essential
for obtaining concrete conclusions. Our investigation also predicts that the study of the

magnetic susceptibilities of metallic elements is sensitive to the selection of the proper local

field correction function.

4. Conclusion

It is concluded that to the best of our knowledge we are reporting for the first time a large

number of results of the magnetic susceptibilities for a large number of metallic elements
of different groups in the periodic table based on local pseudopotential application to

non-transition as well as transition metals. Hence, the present formalism of the EMC

potential can predict the trend of the potential over the various elements in the

periodic table correctly.
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